Evaluation of interferometric mirror metrology data and characterization of a telescope wavefront can be powerful tools in understanding image characteristics of an x-ray optical system. In the development of soft x-ray telescope for the International X-Ray Observatory (IXO), we have developed new approaches to support the telescope development process.
INTRODUCTION
Imaging properties of grazing incidence x-ray telescopes are fundamentally different from normal incidence telescopes.
In the x-ray wavelength region the angle of incidence in the radial direction has to be near 90 degrees in order for the mirror to reflect the energy efficiently. The axial components of the ray slopes are very small. On the other hand, the tangential components of the ray angles are large. This effect forces the mirror surfaces to be long barrels of revolution. The central obscuration is extremely high and the entrance and exit apertures are very narrow annuli.
The IXO mirror assembly 1 has a focal length of 20 m and an outer diameter of about 3 m. The mirror assembly is divided into 60 mirror modules. Each module contains 200 -300 mirror segments. In the inner modules the mirror segments are 30 degrees wide and in the outer modules the segments cover a 15-degree azimuthal span.
The IXO project at Goddard Space Flight Center has developed metrology techniques suitable [2] [3] [4] for the mirror surface metrology of grazing incidence mirrors. For the segmented mirrors of full revolution normal incidence metrology can be used. Cylindrical null lenses were developed to measure the full azimuthal range of the mirror segments.
The project also developed a Hartmann test suitable for grazing incidence telescopes and mirror segments 5, 6 . In this test, a narrow slit is scanned across the azimuthal range of the mirrors. The coordinates of the image centroids for every scan location are then calculated from the Hartmann images.
Image analysis techniques were also developed to evaluate the system performance and to understand the complex interaction between the image and the combination of alignment errors and surface deformations.
From the interferometric data we analyze the shape of the mirror segments and predict their optical performance in the x-ray wavelength region. From the Hartmann scan data we calculate the image centroids as a function of the scan locations and, then, analyze the alignment errors and lowest order azimuthal errors of the telescope. We have also developed a technique 7 to analyze the lowest order axial figure errors of the mirrors from the Hartmann images.
In this paper we present the mathematical principles and resulting equations of the analysis of grazing incidence optical systems based on the data obtained from the interferometric normal incidence metrology and Hartmann measurements.
In section 2, we present the most convenient surface equations and parameters for the grazing incidence Wolter telescopes. In section 3 we describe the effects of alignment errors on the image, their approximate ray equations, and the developed analysis technique. In section 4 we present our performance modeling approach and preliminary results on our phase retrieval technique.
SURFACE EQUATIONS AND PARAMETERS OF WOLTER TYPE 1 TELESCOPES
The basic geometry of a Wolter type 1 telescope is illustrated in Figure 1 . The telescope consists of a parabolic primary mirror and con-focal hyperbolic secondary mirror. The surface equations of the telescope can be described most conveniently in the polar coordinate system. The equations of the primary and secondary mirrors are 8 :
where R p and R s are the radii of the curvature of the primary and secondary, respectively, ε is the eccentricity of the secondary, and θ and α are the angles that an on-axis ray makes with the optical axis after first and second reflection, respectively. Figure 1 . Cross-section of Wolter type 1 telescope.
Only 3 parameters (R p , R s , and ε) are needed to define the Wolter telescopes. Typically, in an x-ray optical system the grazing angles on the primary and secondary are required to be nearly equal to maximize the effective area. If the grazing angle of the primary and secondary are equal at the intersection point of the surfaces where radial height of the surfaces is h 0 , then the parameters R p ., R s ., and ε can be calculated from equations 9 :
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In equation (4), L is the axial distance from the primary-secondary intersection plane to focus of the telescope and α 0 is the radial angle between the optical axis and a ray that strikes the intersection point of the surfaces and is reflected towards the focus. In this case only 2 parameters (h 0 and L) are needed to define the Wolter type 1 telescope design.
A very useful equation valid for all of the Wolter telescopes relates the primary mirror radial height h p to the back angle α of the secondary mirror 10 :
where f is the radius of curvature of the principal surface of the telescope. Parameter f is related to the parameters of the primary mirror and secondary mirror as:
MODELING AND RETRIEVAL OF ALIGNMENT ERRORS
In the assembly process of a grazing incidence telescope the first step is to align the primary and secondary so that the system forms a reasonably good image at the focal plane. At this point the images can be large. The Hartmann test is a simple and practical technique to probe telescope alignment errors. The centroids of an image can be easily calculated and these data can be related to alignment errors using the laws of geometric optics. Figure 2 illustrates a cross-section of a grazing incidence mirror pair, deformed surfaces, wave front error, and resulting ray deviation from its nominal path. Dashed line with a radius of R defines the reference sphere of the telescope. Surface errors of the primary and secondary are described by D p and D s .
BASIC RAY EQUATIONS
An incoming ray A intersects the primary mirror. This ray is reflected and intersects the secondary mirror, is reflected again, and finally intersects a focal plane at a location (H x , H y ).
If the surface deformations are small, the image plane coordinates of this ray are approximately defined by
( 1 1 ) where OPD is the Optical Path Difference and R is the radius of the reference sphere. The OPD of the grazing incidence Wolter type 1 telescopes can be approximated as 12 :
( 1 2 ) where D p and D s are the radial errors of the primary and secondary and i p and i s are the grazing angles of the primary and secondary, respectively. The OPD is at the pupil coordinates (r,β) and the surface errors and grazing angles are at local surface coordinates (z p , β p ) and (z s , β s ). 
RAY EQUATIONS FOR ALIGNMENT ERRORS OF SEGMENTED MIRRORS
The alignment errors considered in this paper are defocus errors of the focal plane, decenter errors of the secondary, and tilt errors of the secondary mirror. The primay and secondary mirror segments are 30-degrees wide and the y-axis intersects the segments in the azimuthal center of the segments as shown in Figure  2 .
Defocus error(Δ z ) simply moves the focal plane from its nominal location. The image of +10 mm and -10 mm of focus error are shown in Figure 3 . Since the image of slightly defocused telescope is a very narrow annulus, the angular extent of the annulus can be approximated by its average value α 0 .Then, the approximate ray equations of the defocus error are 13 :
( 1 4 ) If the telescope design has a large gap between the primary and secondary mirrors, the angle α 0 should be the central ray of the cone of light reaching the focal plane. The x-decenter error (Δ x ) of the secondary mirror moves the mirror along the x-axis from the optical axis. The approximate ray intercept equations are 13 :
( 1 6 ) The images generated by +5 µm or -5 µm of x-decenter error are shown in Figure 4 . The image of x-decenter errors of full revolution telescope is a double circle. The radius of the circle is Δ x . The images of the x-decenter errors of segmented optics are 60-degree arcs facing in the opposite directions and are separated by 2 times the radius of the coma circle.
The y-decenter (Δ y ) error displaces the secondary mirror along the y-axis. The approximate ray intersection equations are 13 :
= sin (2 ) ( 1 7 ) = 2∆ + ∆ cos (2 ).
( 1 8 ) The images of +5 µm or -5 µm y-decenter errors are shown in Figure 5 . The images are 60-degree arcs. The arcs are along the y-axis and are facing in the opposite directions.
The azimuth alignment error (δ x ) of the secondary mirror rotates the mirror about yaxis in the x-z-plane. The approximate ray equations of the error are:
The images formed by +5 arc-seconds or -5 arc-seconds azimuth alignment errors are shown in Figure. 6. The images are 60-degree arcs centered on the optical axis and facing in opposite directions.
The elevation alignment error δ y of the secondary mirror is generated by rotating the mirror segment about x-axis in y-z plane. The approximate equations are
The images generated by +5 arc-seconds and -5 arc-seconds of elevation alignment error are 60-degree arcs facing in the opposite directions along the y-axis as illustrated in Figure 7 .
Assuming the alignment errors are small, the alignment error terms can be combined by simply forming a linear combination of the errors. Then, the ray intersection points at the focal plane are: 
More convenient expressions (H PLUS and H MINUS ) for the alignment errors can be derived by multiplying H x by sin(β) and H y by cos(β) and adding the resulting equations and by multiplying H x by cos(β) and H y by sin(β) and subtracting the resulting equations. The equations are:
( 2 6 ) Equations (25) and (26) = ∆ cos( ) − ∆ sin( ).
( 2 8 ) Note that the H MINUS -component contains only the x-and y-decenter components. This process separates the x-and ydecenter terms from the tilt and defocus terms.
RETRIEVAL OF ALIGNMENT ERRORS
Equations (27) and (28) are expressed as functions of alignment parameters and the azimuth angle β. Equation (25) for H PLUS and Equation (26) for H MINUS are expressed as functions of the ray interception coordinates and the azimuth angle β. In the Hartmann scan process image centroids are calculated for every azimuthal scan position β. Then, the H PLUS and H MINUS expressions can be determined from the measured Hartmann centroid data and the parameters of the alignment errors can be determined from Equations (27) and (28).
We have developed a simple least squares fitting program (HADS) that fits Equations (27) and (28) to the Hartmann scan centroid data and finds the optimum alignment parameters.
To test the Hartmann scan process and retrieval of the alignment errors a ray trace model was built up in the Optical Surface Analysis Code (OSAC) 14 for a Wolter type 1 telescope. The radial height parameter h 0 and 'focal length' parameter L of this design are 242.3 mm and 8400.0 mm, respectively. The primary and secondary mirrors are 30-degree segments. The axial length of the primary and secondary mirror is 200 mm and the gap between the primary and secondary is 50 mm.
In order to model a more realistic telescope, in addition to the alignment errors, surface deformations were added on the primary mirror and the secondary mirror. The secondary mirror was misaligned and the resulting model was ray traced. From the focal plane ray trace data the centroids of ray bundles of several azimuth locations were calculated. These data were then processed using the HADS program. The results are shown in Table 1 . The retrieved errors are within 1-2% of the introduced errors. The HADS program is currently used in the alignment and test process of the IXO mirror segments 
PERFORMANCE MODELING AND PHASE RETRIEVAL
Equations (10) and (11) can be used to evaluate the image degradation caused by large scale surface errors of the optical system. In case of small amplitude and high frequency surface errors the intensity distribution in the focal plane has to be calculated from the diffraction integral. The radial intensity distribution of a 1-dimensional image can be calculated from an equation 15 :
( 2 9 ) where λ is the wavelength, R is the radius of the reference sphere, r is the radial coordinate at the exit pupil, and ξ is the radial coordinate at the image plane. The OPD is defined in Equation (12).
OPTICAL PERFORMANCE MODELING
IXO surface metrology is based on interferometric measurements of mirror segments. Cylindrical null lenses 2-4 are used to correct the cylindrical shapes of the mirror segments. Typically, the fabricated mirror segments are 30-degrees wide in the circumferential direction. The mirrors are measured in 3-point, 4-point, or 8-point Cantor Tree mount [2] [3] [4] .
From the measured primary mirror and secondary mirror metrology data the design axial sag and metrology system alignment errors are removed in the metrology data processing. Average radial height errors of the segments are also removed. The average cone angle error and lowest order cone angle variation cannot be reliably measured in the Cantor Tree mounts and are removed in the processing of the metrology data.
In order to calculate the radial intensity distribution, the OPD shown in Equations (12) and (29) is calculated first. The OPD is a function of exit pupil radial coordinate. The OPD of the system can be calculated from the surface errors of the primary (D p ) and the secondary (D s ). First, from a single axial profile in the primary mirror data, primary mirror coordinates (h p , z p ) are determined. Using equations (1), (2), (3), and (8) corresponding secondary mirror axial coordinate (h s , z s ) can be found. This surface location is then matched with the proper coordinate of the secondary mirror metrology data error (D s ). Adding the primary mirror surface error calculated at (h p , z p ) and secondary mirror surface error calculated at (h s , z s ) gives us the total OPD in the exit pupil. Once the radial OPD is known the radial intensity distribution can be calculated from equation (29).
The radial intensity profile is calculated for all of the profiles across the azimuth of the mirrors. The tilts and corresponding image centroids of every radial profile is also calculated. The radial profiles are then placed on the centroids of the image and simply incoherently added to determine the shape of the composite intensity distribution in the focal plane. Figures 8 and 9 show the measured surface errors of the primary mirror (489P2132) and secondary mirror (489S2150). The mirror segments were measured in the 4-point Cantor Tree mount. The primary mirror has a small axial sag error. The sag is larger in the central section of the segment. The sag could be generated by the 4-point cantor tree mount. The mount points are located at the top and bottom part of the segment about 5 degrees from the sides. The axial sag of the secondary mirror is significantly smaller. The high areas on the top of the secondary mirror centered at about 5-degree and 25-degree azimuth location could also be deformed by the 4-point mount. The RMS figure errors of the primary and secondary segments are 81 nm and 68 nm, respectively. Figure 10 shows the PSF calculated at 1.0KeV. The PSF is a composite of 174 radial PSFs. The axial surface errors are dominating errors and these surface errors broaden the image in the radial direction. The image resembles a bowtie. Table lists The HPDs are below 7 arc-seconds across the azimuth range and approaching ~4 arc-seconds in -11-degree --1-degree range.
PHASE RETRIEVAL
The phase retrieval process of x-ray telescopes has been shown to work well on simulated images of the secondary mirror of the telescope 7 . Low order axial errors were introduced and the Point Spread Function (PSF) was determined by calculating first the OPD and then the PSF using Equation (29). The figure error was then retrieved from the calculated PSF.
In the Hartmann scan process of the primary mirror or secondary mirror or combination of the primary and secondary mirrors, a narrow slit is scanned along the azimuth of the mirror segment 5, 6 . An image of a collimated beam of light (wavelength =633 nm) is measured. A typical image measured on the secondary mirror is shown in Fig. 12 . The image is long in the radial direction. The base of the image is broadened by aberrations produced by the fact that the mirror is measured in the collimated beam of light. Diffraction effects are also visible in the image. From the measured image a single profile is extracted. The 1-dimensional radial images are then used as inputs to the phase retrieval routine to iteratively find the coefficients of the surface error 7 . A 6 th order
Legendre polynomial was used in the retrieval process. Fig.13 shows a contour map of the retrieved surface. The cone angle errors and second order sag errors were removed before the plot was generated. The figure error of this mirror segment was measured in the metrology setup consisting of an interferometrer, null lens, and the mirror segment mounted on an 8-point Cantor Tree (CT8) mount. The resulting figure error is shown in Fig.14 after radius, cone angle, and sag variations were removed from the data.
Visual comparison of the Figures 13 and 14 indicate that low order errors can be retrieved from the PSFs of the secondary mirror. High ridge in 50 mm axial location and deep valley in 100 mm axial location are clearly visible in the surface plots. The diffraction at 633 nm smears out the higher frequency errors visible in Figure 14 and the retrieval process does not work well in that regime.
Radius, cone angle, and sag variations were not evaluated because the gravity effects are different in the metrology mount and in the mounting setup used in the Hartmann tests. The surface metrology of these mirrors was done in the 8-point Cantor Tree mount. The mirror was bonded in the mirror housing simulator in the Hartmann tests. In both mounts the mirror was oriented with the optical axis roughly in the vertical direction.
The developed retrieval process works for the secondary mirror placed in the collimated beam. Retrieving figure error information from the PSFs of the primary mirror or the combination of the primary and secondary is more difficult since the converging or diverging beam is extremely narrow in the focal plane region even for large focal plane displacements. Additional aberrations are needed to broaden the radial PSFs.
CONCLUSIONS
The image evaluation techniques are crucial for the understanding and validation of the x-ray telescopes. The developed analysis tools are based on basic relations governing the formation of the image in the x-ray telescopes and optical components.
The analysis of the Hartmann scan measurements helps us correctly assemble and align mirror segments into a mirror housing structure. This analysis simplifies and facilitates the alignment process. The analysis can easily be repeated in the assembly process of the nested mirror shells to verify that the optical components maintain their alignment.
The optical performance modeling is now routinely used in the mirror segment fabrication and assembly process. The performance modeling is also used in the analysis of measured x-ray images to validate the optical performance of the telescope.
Preliminary results of the phase retrieval process of x-ray mirrors are promising. Even in the visible wavelengths low order errors can be retrieved from the measured PSFs. Phase retrieval techniques can be very practical especially for the grazing incidence optical components since normal incidence access of the mirror surfaces is typically obscured in the highly nested mirror systems. Also, no complex instrumentation is required to evaluate the low order shape of the mirrors.
